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1.1 REZ S HFRAAE

o REIZWI: RSB S R /0 2RI 8 (I 2 (supervised learning)+ JT#% % 2] (transfer learning))
o HHMLM: HEEARK=4igst (B 2A2] + TR
o B A (TEWE 2] (unsupervised learning)+ A4 A% 7 (generative model))

o NIEFBIA (LLM): H M %> (self-supervised learning)

1.2 —"Nf
DL 22 A sl (B scER & s21E)

1.2.1 &R ##E (Synthetic data)

W= ELFH'J)\(HIPIH) ARt = H AR (target) A8, B S RE7E SLfl T IOESE, M ZREE &G WA x1, x2, - -+, xn
HXFRLI ¢ fHA t, 10, Sty A DNEAREEZ AMPIETHT xSRI £, FRONJZIZ AL (generalization).

Xt [0, 1] XA B3 2I AT x1, -+, xn s S6iHE sin(2rx;), FEIN_E/NAKCE- A BEATLIGE 75 45 206 BifG 70 (ZEBR
SEH P EAE S PP BRI R, 3P JE 2 4R H O A AUV (underlying regularity))
1.2.2 ZtiEEy

H bR 2R I ZRBE R0 X Brxd R 7, ek ek 4k sm(27rx) e A, e R 20

M .
Y, W) = wo+wix+-- -+ wyx :E wx

M FRZ I (order), EFIERT w AR

1.2.3 RZEEH (Error function)
R 22 PR VB T R AE TR0 R 2 %E%i&%?@%fﬁAE’Jﬁ}#, ZEOME w AT Lom i AR MR 22 R Bk 13 3

E(w) = Z{y(xn,m —tn}?

24000 £ AT HE. BRI, AE — HEHQ%% MR A BT BT w I IR
ﬂ%ﬁ%*&d\,ﬁ w*, 1FENREL y(x, w*)o

1.2.4 RAEEZE (Model complexity)
KHM M =0,1,3,9 AR BEGW T, M=0,1%58%, M=3&KIf, M=9d#l4& (overfitting).



1.2 =/~

T T

0 . 1 0 . 1

Figure 1.6 Plots of polynomials having various orders M, shown as red curves, fitted to the data set shown in
Figure 1.4 by minimizing the error function (1.2).

{EFMAREE (test set) SR 2 B IR Z ALEXT M IKERFEE, I N NI AR (RMS:root-mean-square) 1% 7%
EeRA 8

N
1
Erms = I E {y(xn, w) —1,}?
n=1

Figure 1.7 Graphs of the root-mean-
square error, defined by (1.3), evaluated on 14
the training set, and on an independent test
set, for various values of M. 2 @ Training
LE ® Test
0 == T T
0 3 9
M
1 N =15
t
—1
0 . 1 0 . 1

Figure 1.8 Plots of the solutions obtained by minimizing the sum-of-squares error function (1.2) using the
M = 9 polynomial for N = 15 data points (left plot) and N = 100 data points (right plot). We see that increasing
the size of the data set reduces the over-fitting problem.

EEITTCLE s s O A D TR AT 22 2 S50 (5-10 i), 38R EE 42 7T DA R P& )
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1.2.5 IENI{k (Regularization)

R BRI 0] R R R PRI B () R AR, IR R AT LA 27 1B A IR

IENEE A : 7815 2 B BUH S INFE S 0 (penalty term), Bj 1k R 3L (coefficients) HiELE KIEELLL . BB wo i@
HMIENILZS (regularizer) FFERE (BN PGS EE R TIBVME T ;. HALLE R, HE2H P ER—
AN IEMAE R 5L (regularization coefficient).

1 Y 2
EW) ==Y (v, w) — 1,32+ = [Iw]?
2 2
n=1

Hoep lwll> = wliw = w2 + w2+ -+ w2, A8 T IENIUG P 5 IR 22 150 b X o 2
A 5 2 R T DL DA P TR 2 (closed-form) fe/Mb, X B RFR NG 7714 (shrinkage methods), KA
XTI D T 2 W R EUE . FERPE M, X VAR AL 2 il (weight decay)

Table 1.1 Table of the coefficients w* M=0 M=1 M=3 M=9
for polynomials of various or- — - 0.11 0.90 0.12 0.26
der. Observe how the typ- _"fl 158 1190 —66.13
ical magnitude of the coeffi- 1 - : >
cients increases dramatically W3 —33.67 1,665.69
as the order of the polynomial w3 22,43  —15,566.61
increases. w) 76,321.23

w; —217,389.15

wg 370,626.48

w} —372,051.47

w 202, 540.70

wy —46,080.94
e ©

1] InA=-18 1 InA=0
L]
L

0 . 1 0 x !

Figure 1.9 Plots of M = 9 polynomials fitted to the data set shown in Figure 1.4 using the regularized error
function (1.4) for two values of the regularization parameter A corresponding to InA = —18 and In A = 0. The
case of no regularizer, i.e., A = 0, corresponding to In A = —oc, is shown at the bottom right of Figure 1.6.

R, A EHIERT A 22 A (effective complexity), Rtk T il & HIREE .

Figure 1.10 Graph of the root-mean-

square error (1.3) versus In A for the M/ = 9

polynomial. 0.5 -
- —— Training
5 —— Test

[] - T 1 T 1
—30 -20 -10 -0
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1.2.6 #&EAYEIFE (Model selection)
A & — NS (hyperparameter), FER/MERZE BRE AT E R S H w R fEd, HAERBEER, A

M, FRE, 2PN M BRER ) —ANESE, BERHE M ORGSR RZER S8 M RIS E
i

Rk, FATFHER SRR S H&E . B REW 7 —Fseilix — bR fE o5, B
FRECAT B K 2R o — NI gE (A T8 280 w) Fl— N 56 3E4E (validation set) (HHFRAE 4
(hold-out set g %45 | fEE5) BT K4 ( development set)) .

Table 1.2 Table of the coefficients w* for InA\=-0c InA=-18 InA=0
M = 9 polynomials with various — = 0.26 0.26 0.11
values for the regularization param- 66.13 0.64 0.07
eter A. Note that InA = —oc cor- L o : e
responds to a model with no regu- s 1,665.69 43.68 —0.09
larization, i.e., to the graph at the w} —15,566.61 —144.00 -0.07
bottom right in Figure 1.6. We see w} 76.321.23 57.90 —0.05
b e e St | TSI T3 o0l
cient gets smaller. wg 370,626.48 9.87 —0.02

wr | —372,051.47 —90.02 —0.01
w§ 202, 540.70 —70.90 —0.01
wy | —46,080.94 75.26 0.00

SRJE BA LR FALIIESE EIRZ R/ MR CRAE AT IR/ I Bt 56 2 YOS AR R i, AT fie
Bl— S0 IR TE RO (L 100, TR REAT 0 EEOR B A = AN INARE,  DUE R AT T R PR RED

283750, TN i B SR R A BRI . D9 T S — M RRR, AT R AT e 2 1)
FIBHEREAT WISk SR, QRIS TSN, B4R NG I 2% AR T A BE i 11 o 456 A2 )UIRIE (cross-validation)
AT LA B PRIX A 7]

Figure 1.11  The technique of S-fold cross-validation, illus- | | | | | run 1
trated here for the case of S = 4, involves tak-
ing the available data and partitioning it into S
groups of equal size. Then S — 1 of the groups | | | I | run 2
are used to train a set of models that are then
evaluated on the remaining group. This proce- | | | | | run 3
dure is then repeated for all S possible choices
for the held-out group, indicated here by the | | | | | run 4

red blocks, and the performance scores from
the S runs are then averaged.

wn EE, SRHK $748 XIGHIE (k-fold cross validation), ¥ ERER 78 K 4H, IS K — 1 HH T2
A, R — B AR PR, R i T KR (K R IRAE MR ER), K K 4T firfs 45 L HCT
YR NR& R, fralhh, MEFEEL /AN, 7T LCRH B i (leave-one out technique), BV FH H — AN dE SiAE R
ML

LXEGUER R A PR R, ERENE TR TESHSE ERBIUEK: ARER/NIENRR
RS HUE, ™ B AORUE I B /IR DL R R 3K (heuristics) BIEIRTF A5

1.3 ETHEMZHNRFIFELRESE

A2 T B, OB 225 W.S.McCulloch FIEUHH 2 422 %8 W.Pitts 237 T N LA M 4% (artificial
neural networks, ANNs): i F HoAh 0 28 ok tH fO 2R P 40 & R Hfiid SN oo, s A AR 2R e pR BOE AT 51k
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Figure 1.12 Schematic illustration
showing two neurons from the human
brain. These electrically active cells
communicate through junctions called
synapses whose strengths change as
the network learns.

Dendrites

Synapse

Cell body

Figure 1.13 A simple neural network diagram representing the trans-
formations (1.5) and (1.6) describing a single neuron. The
polynomial function (1.1) can be seen as a special case of
this model.

Il

Jl o B

4

M
a = E WiX;
i=1

y=f(a)
b xy,x0, -+ oo BAR M AN, wi,wa, -+, way Tom MAME (HFBERAHCRAME S 55D a BN
Ifi(pre-activation), AFZEVERREL f () BRI F £ (activation function), fiH y FRONEUE R EUE (activation), &
B2 R .

1.3.1 BEZEHEM4LE (Single-layer networks)
N AR X 2 Ji 422 BRI 285 1 B2 44 FE P (sophistication) PA K ALFEJZ (layers) FIEUER KB A=A B

Figure 1.14 lllustration of the Mark 1 perceptron hardware. The photograph on the left shows how the inputs
were obtained using a simple camera system in which an input scene, in this case a printed character, was
iluminated by powerful lights, and an image focused onto a 20 x 20 array of cadmium sulphide photocells,
giving a primitive 400-pixel image. The perceptron also had a patch board, shown in the middle photograph,
which allowed different configurations of input features to be tried. Often these were wired up at random to
demonstrate the ability of the perceptron to learn without the need for precise wiring, in contrast to a modern
digital computer. The photograph on the right shows one of the racks of learnable weights. Each weight was
implemented using a rotary variable resistor, also called a potentiometer, driven by an electric motor thereby
allowing the value of the weight to be adjusted automatically by the learning algorithm.

& 1.1: FEEE Mark 1 850 HLAE
FLZ 2 X 25 [P AR ALY 2 SR AL (perceptron), SR F B0 BR 20CA -

) 0, ifa<o
a =
1, ifa>0



1.3 A FAVZRGHIEF ) ik KRR L

BRI R AN 2 2B R 1451, (H2 R — 2 Re0 R T 2= ), BB e “mE” 1. iR
PHEE 265 B A KR 22 )2 R0 H L (multilayer perceptron, MLP).

1.3.2 &[Ef&5#EE L (Backpropagation)

BA—Z L A% S50 M4 & 9 Th T 15y (differential calculus) PA S TR AL FIEI BN, K
BEUGEE WAL : H—, K0S e 2 B R R Bt oy B RS B ) 42 1T 1 B8 28 (continuous differentiable);
H=, BIIANTHHPIRZERE, FHT RIS ESEEVGETIN B #7238 8 KRR .

Figure 1.15 A neural network having two lay- hidden units
ers of parameters in which arrows .
denote the direction of information inputs
flow through the network. Each of
the hidden units and each of the

outputs

O

output units computes a function of
the form given by (1.5) and (1.6) in
which the activation function f(-) is
differentiable.

1.2: BAWES MG MR : MANZE—> Bz )z

EREHRES TIAEER, PIRR KA ROV T (hidden units),  RONEATHEA & HBLE I ZR5E
T R R R A A A . BRI RE BRI ET S BN TR RTR S, TR PR A A 22 K 2% (feed-forward
neural networks, FNNs),

N T INGRIXFERI 2%, B BB ECAE AR WIAa A S5, P A 2 T8 B R AR A SR o0 S AT IR AT .
bR R, TEFEIRZRE T, BATAT DR R % 2 [ A A% 3% 5 (error backpropagation) KA % 5E A
o) oof AT AR, B TSR IRAT B 7 A BE AL B2 [ (stochastic gradient descent, SGD)

I RN AT DUR I, EZEMST, RAREWEPEREY 7= 2E HIME. BRERZERLZ (con-
volutional neural networks, CNNs) 4}, R0 BB ZERINH . N T LI FIHERE, 23T Fsh i i w2
(pre-processing), A B FRAE &2 K1k HE I (feature extraction).

1.3.3 REM4E (Deep networks)

BB MEUR LRI B, BE 2 ERE RS BRI Z 4% (Deep neural networks, DNN),
LT IX AR 2% (IHLES 7 SIFRONIRE % ) (Deep learning).

RS AR ) — AN EEE RS (DS BRG0P0 I 28 U (1) 2 2 38
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AlphaGogero
.

Meural Machine
Translation

eTI7 Dota 1vl

vee f3
ResNets

AlexNet
.

.

3.4-month doubling

Deep Belief Nets and
layer-wise pretraining .

.
DON
TD-Gammon vZ.L.
-8
L3
- RMN for Speech
ALVINN
# First Era Modern Era +
1960 1970 1980 1990 2000 2010 2020

Figure 1.16 Plot of the number of compute cycles, measured in petaflop/s-days, needed to train a state-of-the-
art neural network as a function of date, showing two distinct phases of exponential growth. [From OpenAl with
permission.]

1.3: FP22 2% (TS RE JTBE I (A B, IR 20 P A AN R A48 B0 KB Be

IRFE (depth) fEMIZE N2 RIS B A . SCbr BEGRZ R IER HEMER, RIEY ) FHIE 2], %
>, Representation Learning) &t /& HAEF AR Bl N BER ORI, W\NiAfkE—Ea)LZE0
B—NEE G AR, X R ERAE A A E BRI A, H TS

B 7 3G REAE L, A oAb i 7 ORISR iR B 22 S A Rtk . lan, FEfRiSph 2 m 2t b, YISRME 5 18 [ 1H)
FEREIS, TIREBIGIRGS. MY 8 LR PIF 5 i%: Ho—, Bl 1% 4% (residual connection), XA BTl
G RIS H =, A S0V (automatic differentiation), IXAEAFHT TN 51 AT LAPRIENT AN [ 45 44 ) e
W2 AT RS, FFHAE ARG TCER (KDY R 725 AR 1 51 1) F A 3% s 2SR A]D



$F—F HZEiP (Probabilities)

TEJLF R A LA 5 ST R A, FRATTER B A FRAEA 8 1 M R . ANH E PR AR

B — P RO FIAN o Ve (epistemic uncertainty), YT A 51 episteme, FEZHR, HTH=ERATN T EH
WIS TC R, BN MR R 50 E M (systematic uncertainty) .

55 M B I8 AN JE 1 (aleatoric uncertainty), IXFF IR ZE FE AR IAT I B A7 R IK, T2 BN ERAT A R
MFH TR 5 S, FEEE A S A R e —HAR R B 2 (bias) K, FRATTHIAEIRANH & Pt
oK, K tFRA intrinsic or stochastic uncertainty, BYJE AR NI 7 (noise)

T 328 P9 P AN A s 1k e DASE 3 A I 0] (sum rule) AR (product rule) 7SS (HEZE T i#E4T Ak
i,

2.1 #ERIGEA

2.1.1 fEENSIREEN

WAF/ERENLAE & X Y(random variables or stochastic variables), 73 7llH HUH x1,x2, - ,xL 5 y1,v2, -+, ym»
BAE N RS L X = x; HY = y; BIREON nij, e RETRWIL X = x; BREIKEL H ry SREORBE L
Y =y, BRERKE

2.4 We can derive the sum and product rules Ci

of probability by considering a random vari- ——
able X, which takes the values {z;} where
i = 1,...,L, and a second random variable
Y, which takes the values {y;} where j =
1,..., M. In this illustration, we have L = 5 Yy N } T
and M = 3. If we consider the total number
N of instances of these variables, then we de-
note the number of instances where X = z;
and Y = y; by n,;, which is the number of in- T
stances in the corresponding cell of the array.
The number of instances in column i, corre-
sponding to X = x;, is denoted by ¢;, and the
number of instances in row j, corresponding
to Y = y;, is denoted by r;.

JUESE

o
p(X=x)= Nl

L
dop(X=x)=1
i=1

M
d opr=y)=1
i=1
5E XA 2 (joint probability) A
n;j

p(X=x;,Y=y;)= N

€ 141 ik (marginal probability) Sy :

M
p(X=xi)=Y p(X=x,Y =y;)
j=1
ERAE X =x; WRMT, REY =y, BIMEE, BN (conditional probability):

n,~j
pY =y;|X=x)= P

1



2.1 BeE it ek

e GRS
IR 2.1 (ISEFEN S3EENM)

sumrule: p(X) = Zp(X, Y)
Y

productrule: p(X,Y) = p(Y|X)p(X)

Q
2.1.2 DIMtHRFEIE (Bayes’ theorem)
H p(X,Y) = p(Y, X) AT DA BG4 M2 2 TR ) 00 &
EIE 2.2 (NHErETE)
_ pX|Y)p(Y)
pvix) = E= SR )

213 NtHEBEEZRERRNA

Figure 2.3 lllustration of the accuracy of i**
a cancer test. Out of ev-
ery hundred people taking the ii *
test who do not have cancer,
shown on the left, on average
three will test positive. For
those who have cancer, shown

on the right, out of every hun-
dred people taking the test, on

average 90 will test positive. i] ‘

RN 1% 2 B AR . FERLAERE LT, JA DO Ja i ARG IUDHS A AT S8 A T R N 48 B R 45 2R
T BEAFEAE NG ARG R o SRT, MIF AR TESR, i DABRAT TR BE R4 B e NS, 3% A
SR BATE . XSOV YE . [FIRE, 20 AT R (A HEAT DA, 10% N & 2B KRR
BAtE . A7 73K EA5 2, BRATTAT LA DU $4 s R g ke DL 1)

(1) WERBA TS NBEBEAT IR A, T NI 2R VR (R A % /b2

(2) IR NGNS R, A A A LA T hE (B2 2 2

AT R C RFRIIEIAFAEBAGFAEC =0 R “L”, C =188 “f17; SINE BN ERE T K
ORISR, Kb T = 1 FoRMKBIE, T =0 FomillHrE, WA

P(C=1)=m
99
P(C—O)—m

p(C=0)+p(C=1)=1



2.2 #% % & (Probability Densities)

FRATERTE XS THRE R, AT SN B M 2R 90%, TR T A SERERE TN, A 25 SN BE M A2 3%
BRI, BRATAT LS BT SRR

pr=1ic=1= 0
pr=0jc=1= 10
pT=11C=0)= =
pT=0c=0)= 1%

FATIUAE T AR R B — A, A REAL 32 D A N A5 21 BRI X 45 SR e A < .

p(T=1)=p(T=1|C=0)p(C=0)+p(T=1C=1)p(C=1)
3 99 90 1 387
Zme+me=—IOOOO =0.0387
387
p(T=0) = 1—10000 =0.9613
Rk, R —A ANBENLEZIAR, A KLAE 4% LRSS B2 R, REMATERR BF 1% LR EH
JEIE; KZAH 96% B LR LM AZRA .
WAEH B AN 8, X — DR
p(T=1|C=1)p(C=1)
CcC=1T=1)=
p( | ) T=1)
_ﬁxLXIOO(’O_ﬂ
7100 T 100 T 387 387

~0.23
Pl A 23% AOMER T SEAT 1T .

2.1.4 %58 (Prior) #EE 5 /554 (Posterior) L%

MRAERZR AN, ANAEANTENRGA TR, AR HERS 2 5 e BNE Bl 2 B%
p(C)» FATFRE U0 M (prior probability), BN ERAERA TS BN RE R 2 B vl FI IR — B3RATH
FIIZAS N2 T BHTEIR 25 28, AT T BLA DU B BRSO p(CIT), FATHRZ N5 56 B (posterior
probability), [AEREBA TR SIMIALE R T J5 13 2B

FE BB, BRI SRR 1%, SR, — HIRAT SR REE R BAVER, FAVR I AL fF 56
BEZE I 23% . XL FOMER ORI, IEAIRATEDU BUI R A . J810, FRATEZE], — MK 2R A
KB b B ATEE R AT BERE 3SR RAT 23% . ELARIIGAER A 1 E A0 0 EdR,  (HIZ A Z05 f F DL $4 s R 0 S 0
BERML S, A ReE R R .

215 My E

7E X 2.1 (Independent variables)
STHAEE XY, A p(X,Y)=pX)p(Y), WA X, Y $i.




2.2 #% % & (Probability Densities)

2.2 BLERZZE (Probability Densities)

ST ESAIBENIAS B X, K SR 35 B B 3 (probability density function) 04 p(x), K B4 B 3L (cu-
mulative distribution function) ic N P(z), T2 :

b
puem¢»=/jmnw

px) =0

/_:p(x)dx =1

P(z) = /Z p(x)dx
HTHEAER X, Y, W TS DU R 3
p(X)=/p(x,y)dy
p(x,y) =plx)p(x)

p(x|y)p(y)
p(x)

pu>=/}xﬂwp@ﬁw

p(ylx) =

2.2.1 HAEE (Expectation) 51175Z (Covariance)

EN 2.2 (BAZE)

X f(x) BBESH p(x) T eiC-FHEMARN f(x) 92, 04 E[f], A:
B B =Y pws)  #82: BlA = [ pwswd

el ] 5 X AF I (conditional expectation):

ENX 2.3 (ZHHEAE)

ERE f(x) BMESH p(x) TOHNTE—y X T x 690 C-FHEMARA F(x) XT x 954802, itk
Ex[f(x,y)], TA—ANXT ydH%K, F:

B B/ =Y peb)f)  #%2: BbI= [ pelr e

W] 5 Jj % (variance).

var[f] = E[(f(x) ~E[f()])?] = ELf(x)*] -ELf(0)]?

€ X W5 % (covariance) F Tl & — F AHRFLRE

cov[x,y] = Exy [{x - E[x]}{y - E[y]}] = Ex,y [xy] - E[x]E[y]

% cov[x,y] =0, MHREE x,y Mk,

11



2.3 &4 (Gaussion Distribution)

2.3 5897 (Gaussion Distribution)

o A RN IEAS 404 (normal distribution). W IEZS /M N (u, 02) I ERECN p(x), -

(vl o) = ——e” S
pxlu, o) = e
\V2no

p(xlu,0?) > 0

/'pm%vﬁa=1

o)

LB H A 1 22
EU]=/:P@WJ#MQ=M

(e8]

E[x?] = / p (x|, o) x2dx = y* + o2

o)

var[x] = E[x?] - E[x]? = o2

2.3.1 {LPAEE L (Likelihood function)

BBEA — DB R TR TR x = (01, x0, -+, xn), RoRZE x BN ADYIME, &4 D 4E51
By, = O yoke - ype) T FORFERWNME x N D D ERE. BT RAAE RS, ToEmE LR
oA, TDRE L PR D e e o A AT R

Figure 2.9 lllustration of the likelihood func-
tion for the Gaussian distribution
shown by the red curve. Here
the grey points denote a data set
of values {x,.}, and the likelihood
function (2.55) is given by the
product of the corresponding val-
ues of p(r) denoted by the blue
points. Maximizing the likelihood
involves adjusting the mean and
variance of the Gaussian so as to
maximize this product.

p(z)

TS nz)

JRATZ A 434 (independent and identically distributed) i@ % 46 5 A i.i.d. 8 11D, WA :

N
Pl ) =[] pCealpr, )

n=1
¥ BRI py o2 MIEETT, FONZ E T A LS b6 £ (likelihood function) BUG 407 «
1 & N N
Inp (x|, 0%) = ~352 2 (xp — )% - Elna2 - Eln(Zn)

Xt AT RO, BRI KALIRAE (maximum likelihood solution):

| N
HML = N;xn

BRI FEAISME (sample mean).
K, XF o? ATtk

N
1
T = v Z(xn - ML)’
n=1

UEBIFEA TS % (sample variance).



2.3 &4 (Gaussion Distribution)

2.32 HmAAMITHERLE

I KALSRAETH(MLE: Maximum Likelihood Estimation) B3 —&6F R, 7T UL B4R & & iAok Ui 1 .

BT AR X1, x0, - -,

xn BIRKNRE pprr~ oy XSTEEAME xp AR T KBRS s 02 1

RSN H0E pgr, BT 02, HOMREE CHRTER iR D

£ ERS] 20IRIER 206 5 xp~ X MOLF A, IR N (1, 07%), SRAE: Blx,x,] =

1+ 80?5 7 Kronecker 575 )

Y m=nbt, Elx,x,] =var(x,) +E[x,]* = o + 1

1
Zm#n b, Elxx,] = EE [(xn +xm)2 —xf, _xfn] =

5
TG ISR . R B S

Bl an] -

Elpume] =
O'ML]
X SR A5 JE B I
Elx — 2xXnpmr + pygp | = Blxj, -
(A,

Elo,; ]

[var(x,, + ) + [E(xp +x1)]? -

|
= 2Bl
n=1

3 (Bl +x)?) - 26 207

2

1
wut =207 = 5 [4? = 2] =

N
ZE[xn] = u
Z(xn #ML)

Z E[x - 2Xpumr + HML]

n]
N
2xp %z_:xk+ %
xnzxk

2 1
:(0'2+;12)—N(Nu2+0')+m[N(0' +,uz)+2C ]

N 2
an) ]
n=1
Zxk +22xlx]]

i<j

=E[x?] - + —E

N-1

=[——|?

_5 2 g 2
XML + M) —N‘N(T)U

N-1
N )

B E R, WEPER KPR = SERRME, HE T ZR & APIRE T (maximum likelihood estimate) %15 B SZ{H
FET AT DL, XA A THE S S RGN (systematically) AN [FJE I SBR y fii 7 (bias). |
T 1~ RIIE B 1 e RABUSRAG v B9 (i 2



2.4 1z &% (Information Theory)

A

H 18 IS

Figure 2.10 lllustration of how bias arises when using maximum likelihood to determine the mean and variance
of a Gaussian. The red curves show the true Gaussian distribution from which data is generated, and the three
blue curves show the Gaussian distributions obtained by fitting to three data sets, each consisting of two data
points shown in green, using the maximum likelihood results (2.57) and (2.58). Averaged across the three data
sets, the mean is correct, but the variance is systematically underestimated because it is measured relative to
the sample mean and not relative to the true mean.

wmH

N

1
0% =D = p)?

n=1

IR
E[6%] = o2

BERSF B 45 T30 /& o MR (1) (unbiased) . {HZFRATRAMNE, ToiEH p FESHMEITHAE, BT )E, Xt
Tl An, NS TSR .

) N 1 & 2

e v L T vy Z(xn — UML)

n=1
{H/RTEMEM SR iRy, ST KRR Z B EM A RIX AR T U N — oo B, JFZER TR KPR =
b 7. ARRAMERESEIEEEVIRZR.
2.3.3 ZtE)3
FRZER /MU BB T 8. AT EN x, BWEEN WAE x = (x,x0, -+ ,xn) PLAEST

FEEAME t = (11,12, ,IN)
2.3.4 FERHTIR

MR 25 1 1 AR 4 o6E T b v AL it (normalizing flows) B EEE, WA —4EMIEE x, HEERECN po(x), H
fx=g(y): . )
_ axi_ a8
py(y) = px(x) ’dy' =px(g(y) ’dy‘

T D RN R, x= (x;,x2, . xp)Ts y= O,y yp)T, HEZIGHRE g A x=g(y), W px(x) /& x
SR,
py(y) = px(x) |det]]

o J 2R % g(+) 1 Jacobi AR
2.4 {5212 (Information Theory)

2.4.1 )& (Entropy)

= BJfE 2 — A T 215 B & (amount of information) RS, ﬁﬁd\ﬂl?}%?%#ﬁﬁiﬂ‘ﬂ‘%%ﬁo B 5 3t/
WERHMES KA, XSMENEHY, TEXLAEEEFELZMNER

14



2.4 1z &% (Information Theory)

W op(x) MR, R h() ENEEESEN R,
h(x) = —log, p(x)
B B RIE T AR EDR ) — N BENLAE & x MBS IENOTT, W p(x) REMERE R, WEE R TR F5E B2t
15 B
H[x] = E[~log, p(x)] = Y p(x) logy p(x)
Horp, H[x) #ONBENLAE & x (P4 (entropy). H limeoelne =0, ME: X px) =08, A p(x)Inp(x) =0,

AR BT 75 i J 3 (Shannon ZwfS 2 BE,1948) 45, Ji 2L 3N AR ERRZS BT 75 10 bit 201 R 5. 725 X
PR R In SRoE SR, LT R B N 9EE (nat). (R H T natural logarithm)

242 YIEFHAE

2Rl R R R R TR ELFEE .
%A N ANHIE/NER, SIFEAFE TR, L8 i ME TS n NAER, WIEX RS T TS0
N!
W= [1; ni!
T 5 S - | |
Hsz:NmM—NZ)mﬂ

4 N — oo, MMM AR:
InN!=NInN-N

T
T n ni\ _ ) _
A=-m2 (ﬁ)“‘(ﬁ)“zi pilnpi

1

2.4.3 15 1& (Differential entropy)
e e Xy BT i x b, WHE R p(x) RIELLN, A
H[x] = —/p(x) In p(x)dx
KRN x FIBLA .

2.4.4 & X% (Maximum entropy)
ST BB, BB E TR EL R B DL — 1 2

/_wp(x)dx =1
/_: xp(x)dx = p

/_ " (= 02p () = 0
4 I R ) LT TR A A R T T A
L(p,al,az,m:—/ p(x) In p()dx+4; (/ P(x)dx—1)+/12(/ xp(x)dx—ﬂ)+/l3(/ (x = 0’ p(x)dx - 0

oL 9

3 =9 (/: p(x)Inp(x) = A1p(x) — Lxp(x) — A3(x — u)zp(x)dx)

def

—i/ F(p)dx=0
0p J-w



2.4 1z &% (Information Theory)

BT F 2 p(x),x iz ek, Fitk:

dF
—p:O:lnp(x)+l—/11 — Dox — A3(x — p)?

0
JITBL:

p(x) = exp{—1+ a1 + dox + A3(x — p)*}
= C exp{dax + A3(x* = 2xp + %)}
= CyexpA3{x® — 2xp + p* + :ll—zx}

4\
= Crexpds (X —(u- 2—/13))
B2 p(x) KRTHL x = p - 55 X, A:

A
E[x] = u—ﬁ == A =0= p(x) = Crexp{ds (x — u)?}
By = —a? BRARA R,

s Cze’b(x“)z—l::o—:\/; 1 1

{f (x = @)2CreB1 = g2 = C_3 @ = o2 = A3 = _T.-Z’Q - \2ro

iEIEIEE ( )2
_ 1 (x —u
p(x) = Ty O p{ )
?E1ﬂ%;ﬁﬂij€m%%ﬁ TJE = ﬁﬁﬁﬁ:}‘%ﬁ ‘L—[‘ﬁ%/ﬁﬁ/\ﬁ E/Jirﬂ/\kﬁ
_ )2 |
- [ et o D inanod) e = L [1 4 mro)]

2.4.5 1HXIHE (Relative entropy)

FRERIIAT p(x), BT q(x) KX HEER, HREH q(x) M x FE K% 2SS 1 ga il
%, WHT ¢(x) HAREIERS p(x), Frldee x FF8I0ME B2 AN nats) B R A4 1, FRONE
p(X)~ g(x) Z 8] FIAH %] J (relative entropy) BRKL £/ (Kullback-Leibler divergence)

KL(pllq) = / (0 Ing(x)dx - (— / p() 1np(x>dx)

_ q(x)
/”(X)“‘{ <>}d

EER LEAARRZT p(x). g(x) XFEI, WA KL(p|lg) # KL(q||p)
NHAEY, SZBR A KL(gllp) >0 & p(x) = g(x)
i Jensen AN, H

FEIXD) < ELf()]
TR,
£( / xp(x))dx < / FX)p(x)dx

ESJiie
q(x)

P(x )}dx>—ln/q(x)dx=0

KL(pllq) = /p(x> 1n{

Y p=qht, FRFTHSESYRT.

PAE 6T 5 FE Al 10 45 B S B IR 4 2 R AFE IR R e BONIRATE A s 1A, At bME RIS 5
MR — i, T REIME BE D AB 2 A ) KL 8, FIERATT DL KL BUEFRN p(x)~ g(x)
ANHEABIRER FEE (1 P 2



2.5 N etii#E#E (Bayesian Probability)

ARBEEAE & MBRAT A BB R AN 70 A p(x) ZE R, AT (AT o — T 240 0 181 IS H00 0 q(x]0) 5k
WAL AT o —MEE 0 M7 IR /IME p(x) F g (x|0) ZIEAHXT T 0 1 KL #U8  (HBEAFATHEANTER p(x),
DR T EL A 3 o DB — DN UIREE X0, X2, - -+ Xno B4, AT p(x) MHHEE AT DOEIE X 28 kI, R

1 N
KL(pllg) = > {=Inq(xal6) +1n p(xa)}
n=1
ARSI 0 %, H—TRAEMAIGITRE T ¢(x|0) 106 M5 AR R, Pilk, 5. &
/M KL B S0 T B AR SR B
2.4.6 %1448 (Conditional entropy)
BI7E% S p(x,y) 4 HIIPIAE RS G x Al y Z IRBEE A, IR x (M BV, UG 2t A y 18
AR NS B —In p(ylx) 0 th. B, $852 y BRI PRI IeS BT LS
Hiyixl = - [ p(yv0)np(yimdyex
TR y TEL R x Sl R 415 (conditional entropy), 25k 2 BA T 36 -«

MXﬂ=—/M$@mMm@®ﬂ
=—/MxmmWWM+mmmmwx

:—/p(y,x) 1np(yIX)dde—/p(X,y) In p(x)dydx
= H[ylx] + H[x]

Hr HIx, y] & p(x,y) R, HIx] ZIAZ0A0 p(x) K. Kk, #d x Ay i iE S hfid x A5
i fE RS54 E x f8E y Frifa (M mE B2 g .

2.4.7 H{E (Mutual information)

MPANASE x My ST, BTSN TL G AR R p(x,y) = p(X)p(y). TNRAEAR
FEPST I, FRATET LR % B 4 A il S A TR A KL R, SR EEATRE “HE” ML, %EE
H PR AR

I[x,y] = KL(p(x. )llp(x)p(y))

:—//p(x,y)ln(M) dxdy
p(x,y)

XY A x Al y 2 (8] B45 B (mutual information). M KL 80U FIHEFUORE, FATHIE I[x,y] > 0 4 HAY
x flly ML m), FHE, FH:

I[x,y] = H[x] - H[x|y] = H[y] — H[y|x].
Rltk, BAFEFRRESHE y (BUR IR AR BIAH E 1 .
MU HT ) R, BATAT LUK p(x) M9 x BZeSe oA, 08 p(xly) MONFEMEERHEEE y J5 10 %016 .
Rltk, BAS B AT RUE R BTS2 1) y misb 1) x AN E M

2.5 DIMER#EER (Bayesian Probability)

LR HIBEAL . T R AR ORE o 1 DL 7 (Bayesian probability) 5 H DUy #8 jrd fit
1 — PO MR RS, e R AR S SON RN — A am B EAEAURE L o DU o (A% O JE AR L2 AN TR Al



2.5 N etii#E#E (Bayesian Probability)

BHHES, KoM RN E MR, RIAMERRE, 2 EREr s UWHL.

2.5.1 RESH

DI IZREE O I ABIAU G FR UL, DU SO LS 22 2T D LA 7 Tt A ME M g . A2
KFER, ZH0nTCLEE SRR T RIE R, RUERAERISRREL p(D|w) B KAL) w il TENLES 2% 3130k, o
P ALLER bR BP0 BORR A A& % 72 PR B (error function). M TUH-ERERIGSRE, AT AR T w 20k, 2R
SR AR BREL p(D|w) HHEMINEHRLE S, [H3S8 w ERS N p(w|D):
p(D|w)p(w)

(D)

EAFRA TR VAL EM R R D J5,w BRI E M. 752 NE, LOAREL p(Dlw) A2 w IR 240, 1
RN TANE wil, WS O HIpmraets, BB A—w N 1. 0] DL — A TG REHS DL 17 e 2

JE 5 (posterior) oc {184 (likelihood) x 4 36: (prior)

SRR w U p(D) R TR T AN T A AT R SR, 3 LA w
5 1 SBRRE (2.1 RPN w B4, FRATAT AR A5 4 A5 P 08 B BOR 275 VL4 2 5
pUH=/MDMWWMW
e VIR AU SRR, SRR p(Dw) BT B0, (BEPTR 7 A KR . 265
SR SR, w A S, U SRR ORI P, I ELA G 5 2 X A R g ] A
HURAE D BRI . M2 F) MR RE, 1A MESIEIRE D, 25 w KA H it
i w A AR

p(w|D) = 2.1

2.5.2 ENfk

FRATT AT DAAE R DU S0 ek 1 T D il A R IE M B o FRATTAT DAAS @ I B KA ALSAR B B p (D |w) K
PR w, B KA G IR, X PR ARFR A K5 54 1 (maximum a posteriori, MAP). 2520, 3
ATA] L /MU )G 3G RER K 3 8. Xk (2.1) PR i B 5, Fedi 1T 15

—Inp(w|D) =—-Inp(D|w) —In p(w) +1n p(D) 2.2)
N2 — TG S BAR . B8 =T nT LA S, U EAKE T we 58 ZIURH T w B EE A, AT LA
e HAA—FhENATE . RBIRATSEE p(w) LA ESL R @204 N (0, 52), WA
M Mo w2
— . 2y _ _ L
p(w) = HN(WJO,S )= g Vies exp{ 2s2}

i=0
RN 2.2) 1, W15
M
—Inp(w|D) = —In p(D|w) + ZLSZZWI? + const (2.3)
i=0
AR ZEVE R AR R, ) KAk 5 58 0 AT 3 55 [R) T B /DM T T R 4K

N
1 1
EwW)=5—5 > {y (. W) — 1} + 2_s2WTW
n=1

2.5.3 DIMERVLEEES]

DU AR FRATEE AR T IE AL IEhAL, FEHE S E ML IR 5 e 2. R, Sl fa R DL o
FEA R L IE [ DU AL 282 5] 70, DUAE R TR w I — T i, T e S5 w AT e v . P %
H—HBARAE D, HARR TG x SR EARS & o MU SRS, RATBOGEIR (5, X
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TAVER], AL TR0 A 8 i 6 BTG v] BE Y w ABLIEAT A3 p (2o, w) TERAS ),  FoHPoRCE i 5 S0t 22 7y
i p(w|D) &5 th, IX DX T 5B 3= U5 (B 32 S A IS A0 2k R EGRAS 1K s il T 250 .

b 5e 4 DU L8 7 S0 J7 i e AT THR AL 1 — Fh A8 i s R e Ban, 22 00 [l U w380 £ it 400
HE, Hie A s BR SRR A 1, TR DT A I RS S . [FIRE, FRATRT LA 2N
FERERY SRR RGE E W R, AR IR 2 00, AR A G I0EEE o o R ALER IR 2 fR7 B b gk 23 400405 Ak
R AR, K5 FEOEE s T U7 VR R B A AR A B S B MR R AT BT

ANk, DIM-HEAESE (framework) tHAF7E—ANER A, %BTJE%%%%X—J‘%ﬁ SIEEATR Gy o DR ERARR B2 2 ) Y
WReAHE B A ZE, U EEERH ks s 2 A AT . SEsk b, RS2 IR TH S s 3=
B ISGEARE T, @ﬁﬁﬁ?ﬁ@ﬁ?ﬁ%ﬁi}ﬂB%ﬁ@?iiﬁﬁ@ﬂ%*ﬁﬁi%ﬁﬁ)ﬂﬂ%ﬁﬁfﬁﬁﬁﬁﬁ?j(ﬁﬁf??élﬂ%, A
FEAE /NI R P DL 1 7

2.6 RERIEM
Z5>) 2.2 1RG0 2.29 FIEAE x. y MGG p(x,y), UEBHHGL 60 2 :H[x, y] < H[x] + H[y]
B2 X 5%
MXﬂ=—/Mmeﬂ&w“®
H[x] = —/p(x) In p(x)dx

HMﬂ=—/@@mmwwmwm

H[x,y] = H[x] + H[y|x] = H[y] + H[y|x]
X’

p(ylx) = p(y)

BT LA,

H[x,y] = H[x] + H[y|x] = H[x] - //p(y, x) In p(y|x)dydx

<Hm—/fmmmmwwm=Mﬂ—/mwmmww
_ H{x] +HIy]
5] 2.3 BEH 2,30 BIEMESEE x, JHE RN p(), RN Hx]. BRI x BEES R

BRG] H AT y = Ax, KiF: H[y] = H[x] +In|det A
H

p(y) = p(x) |det A™'| = p(x) dy = |det A] dx

|de tA|
H I,

Mﬂ:—/mwmmw®=—/mm @() )MdN&

1
| det A| | det A|
—/p(x)ln(p(x)—ln|detA|)dx=—/p(x) lnp(x)dx+ln|detA|/p(x)dx

=H[x] +In|det A|
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